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1.

There are six problems given. Problem 1 is COMPULSORY. From
Problems 2 to 6, select THREE problems and solve them. Either or both
Problems 2 and 3 have to be selected.
Answers must be in Japanese or English.
Problem 1 consists of two parts, (1) and (2), each given on a separate
sheet.
If you give answers to more than four problems, the exam will be
invalid.

X r answer sheet.
You have FIVE answer sheets. For Problem 1, use the first two sheets on
which the respective question number have been given. The other three
sheets are for the three problems you select among Problems 2 to 6. You
must use a single sheet for each of the problems and indicate the
problem number at the top left corner of the sheet. If space on the
answer sheet is not enough, use the back of the sheet.

Do not remove the staples of the answer sheets.



Applied Physics

Problem 1 (140 points) Mathematics [$%%] Part (1)
Note: Problem 1 has two parts, (1) and (2). Answer all of them.

(1) Answer the following questions (a), (b), (c), and (d). Let x, y, r, 8,and A be real numbers [£
#,and z be a complex number [#5%%4].

(a) Evaluate the following limit.
e *45x—1
lim————

x—0 sin2 x

(b) Evaluate the following double integral [2 E## 4] over the given domain D by using a change of
variables [£$Z#], x =rcosf, y = 2rsiné.

2
Jl, ydxdy, D ={(x,y) x2+(§) <1, x=0, ySO}.

(c) Answer the following questions concerning two bivariate functions [2 ZF#1Ba%k].
F(x,y)=xy, G(x,y)=x*+y*>—4.
(i) Find the first-order partial derivatives [% 1 %&{RF#BA%%) of F(x,y) and G(x,y),ie., F(x,y),
Fy(x,y), Gx(x,¥),and Gy(x,y).
(ii) Find all the solutions (x,y) to the following simultaneous equations [# 35 # =], where
G (x%,¥)? + G,(x,y)* # 0,and 4 is the undetermined multiplier [ EFH].
F(x,y) = AG,(x,y) =0
{Fy (x,y) — 2Gy(x,y) =0
Gx,y)=0

(d) Answer the following questions concerning the complex function [#% %] f(2).
1
f2)=- z24 2z
(i) Find the Laurent series expansion [m—F & $ R of f(z) in 0 < |z+ 1| < 1.
(ii) Evaluate the following complex integral along a circular path [ #% %] C oriented
counterclockwise [R¥EtE]1 9 1.

1
f f(2)dz, C:lz+ 1| ==.
c 2

(continued to part (2) on the next page)



Applied Physics

Problem 1 (140 points) Mathematics [$4] Part (2)
Note: Problem 1 has two parts, (1) and (2). Answer all of them.

0 a

(2) Consider the 2 X 2 matrix A = (a 0 0 A)

)andthe 4 X 4 matrix B=(A 0)

0 0

0 0). Answer the following questions.

Here, a is a positive numberand 0 = (

(a) Find the eigenvalues A; and A, (4; = A,) of the matrix A.

(b) Find the normalized eigenvectors (IE R{bSN7=EH ~XIIV) u, and u, corresponding to
the eigenvalues A; and 4,, respectively such that the first component of each of these vectors is

nonnegative.

(c) Find the orthogonal matrix ({EE3317%!) P and P! that diagonalize A (A% %t AL T B)

in such a way that P~1AP = ( 1 0 )

(d) Find the product of 4 X 4 matrices QBQ where Q = —(g —EE) and E = ((1) 2)



|Applied Physics|

Problem 2 (120 points) Mechanics

Consider the motion of a pendulum [#£Y ] consisting of a wire of negligible mass fixed at one
end with a uniform sphere of mass M and radius a, as shown in Fig. 2-1. The other end of the
wire is fixed at the origin O. Let ¢ be the distance between the origin O and the center of
gravity [E.[»] of the sphere, I be the moment of inertia [{E4E— A2 }] about the axis of
rotation of the pendulum, 8 be the angle between the wire and the vertical direction, and g be
the magnitude of the gravitational acceleration [E /73R EE].

First, ignore the air resistance [225##1] and answer the following questions.

(1) Express I by M, ¢, and a. Note that the moment of inertia of a uniform sphere (mass M

and radius a) about any axis through its center is %M a2

(2) Find the equation of motion [JEB) F 2] for the pendulum.

(3) Find the period [JE#] for small oscillations (|8]| < 1).

(4) Given that 68,, (<n/2) is the maximum swing angle of the pendulum, is the period of the
pendulum constant regardless of 8, or is it an increasing or decreasing function of 6, ?

Answer with the physical basis [#FRAYFRHL].

Next, consider the force of the air resistance acting on the sphere. Let the magnitude of the
force of the air resistance be 2My£8 (y > 0). Assuming that ¢ > a and the pendulum

experiences small oscillations (|| « 1), answer the following questions.
(5) Find the equation of motion for the pendulum.

(6) When y <./g/f, the pendulum undergoes damped oscillation [JH3#ZE)]. Find the

period of the oscillation.

(continued to the next page)



Figure 2-1



Applied Physics

Problem 3 (120 points) Electromagnetism [ERE& ]

Suppose that a point charge ¢(> 0) is placed at the origin O in three-dimensional space,

and the point charge is enclosed by a conducting spherical shell centered at O with inner
radius a and outer radius b (> a), as shown in Fig. 3-1. The thickness of the conducting
spherical shell is b — a and it is assumed that the conducting shell has no net charge. Let
€, denote the vacuum permittivity, and regions 0 <7 < a and r > b are assumed to

be vacuum, where r is the distance from O. The electrostatic potential is set to zero at
infinity. Answer the following questions concerning the electric field and electrostatic
potential of a point at the distance r from O.

(1) Express the strength of the electric field in the inner region of the conducting spherical
shell (0 <7 < a) intermsof g, r,and &,.

(2) Find the strength of the electric field in the conducting spherical shell’s interior
(a < r < b) excluding the surface.

(3) Express the strength of the electric field in the outer region of the conducting spherical
shell (r >.b) interms of q, r,and &,.

(4) (a) Express the electrostatic potential in the outer region of the conducting spherical
shell (r > b) interms of q, r,and &,.
(b) Express the electrostatic potential in the conducting spherical shell’s interior
(a <r <b) including the surface in terms of q, &, and b.
(c) Express the electrostatic potential in the inner region of the conducting spherical
shell (0 <r <a) intermsof q, r, &,a,and b.

(d) Draw the graph of the electrostatic potential in the whole region (0 < r < o0).

Next, suppose that a point charge g(> 0) is placed at the origin O in three-dimensional
space. The charge is enclosed by a dielectric spherical shell centered at O with inner
radius a and outer radius b (> a), as shown in Fig. 3-1. The thickness of the dielectric
spherical shell is b — a, the permittivity of the dielectric shell is (> &) , and it is
assumed that the dielectric shell has no net charge. Answer the following questions
concerning the electric flux density, the electric field, and electric charge density of a
point at a distance r from O. Theregions r < a and r > b are assumed to be vacuum.

(continued to the next page)



(5) Express the strength of the electric flux density and that of the electric field in the
dielectric spherical shell’s interior (a < r < b) excluding the surface in terms of
necessary ones among ¢, t, &, and &.

(6) Express the surface charge density induced on the inner surface (r = a) of the
dielectric spherical shell in terms of q, a, &, and &. It is assumed that the induced

surface charge density is uniform.

Spherical shell

Figure 3-1
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Problem 4 (120 points) Quantum Mechanics

Answer the following questions regarding the electronic states [#5F 4K F&] in a hydrogen atom.
We represent the distance from the nucleus [JE-F#%] by r, the reduced mass [#2 5 & &] of the

electron by m, Bohr radius by a, and the reduced Planck constant (Dirac constant) by #. Then,
the potential of the system is represented as:

Use the following relationships between the x, y, z Cartesian coordinate system and the r, 8, ¢
spherical coordinate system.

y =rsinfsing

ix = r sinf cos¢
z=rcosf

92 9% 9% 10° 1.

A=6x2+6y2+622=;6r2r+ﬁA'
7\\_1 a(_96)+ 1 0?2
~5singag\°"" " 36/ " sin?g 0p?"

(1) Write down the time-independent Schrodinger equations for the wave functions of the electron,
both in the x,y,z Cartesian coordinate system @(x,y,z) and in the 7,8,¢ spherical
coordinate system @(7, 8, ¢), with the eigen energy [E7& =R/L-¥—] €. Do not use A, A, or
V(r) in the answer. In addition to the coordinates either x,y,z, or r, 8, ¢, only the constants
h, m and a are allowed to be included.

(2) The wave function for the ground state [Z£/E R €] of this system ¢, can be represented as
@1(r,0,¢9) = Ae™"/% with a normalization constant [ #& {t % #k] A. Show that this
function satisfies the Schrodinger equation in the spherical coordinate system and find its
eigen energy &;.

(3) Find the probability [FE38] to observe the electron in the ground state in the range of r < a,.

Hint: f: rleTdr=1—-(1+a)e™

(continued to the next page)



(4) The first excited state [ —BhiE2 IR &) of this system is quadruply degenerated [[4 & |Z#E&).
Among them, the wave functions for the three p orbitals [p #li&] can be represented as:
@3 = Bre "/?%0e-idging,
@Y = Bre /2% cos 9,
@31 = Bre "/2%0gtidging,
where B is a normalization constant. Show that the eigenvalue [[E 7 {H] of the angular
momentum squared operator 2 is 242 for all of the three, and the eigenvalues of the z-
component of the angular momentum I, are —#,0, and +#. Note that the corresponding

operators are 2 = —h2R and [, = —ihd/d¢. Here i is an imaginary unit.

(5) We define the following three wave functions by the functions given in (4):
0 = (7' + @OV,
0z = (03 — 9z )/V2i,
0f=¢3.
Represent these functions in x, y, z coordinate system, without using 7, 8, ¢». Note that, when

B is a real number [ #X], these functions become real functions [ZZE%%].

(6) Show that 3 is not an eigenfunction [[E# Bk of [.



Applied Physics

Problem 5 (120 points) Optics [Y6%]

(1) There are a concave lens [[H] L > X] and a convex lens [f L > X] with focal lengths [£&
SEEBE] of —2f and f, respectively (f > 0) as shown in Figs. 5-1 and 5-2. They are
assumed to be thin lens and satisfy the paraxial approximation [3T&#3T{El]. Suppose that
there is an object located at a distance a; (> 0) to the left of the concave lens. Answer the
following questions.

First, as for Fig. 5-1, an image is formed at a distance b, from the concave lens.

(a) Express b; intermsof a; and f.Note that b, is positive when it is on the right side
of the concave lens.

(b) Explain whether the image is real or virtual.

Next, as shown in Fig. 5-2, the convex lens is placed at a distance L (> 0) from the concave
lens. An image is formed at a distance b, from the convex lens.

(c) Express b, in terms of a,, f, and L. Note that b, is positive when it is on the right
side of the convex lens.

(d) Find the optical magnification [Y£%£f% 3R] of the lens pair when L = f.

(¢) Find the combined focal length [& {8 s BEE] of the lens pair when L = 0.

object -2f object —-2f f

(9F) W (1) W ﬂ

i a, 5| 5 a; f< L |
Figure 5-1 Figure 5-2

(continued to the next page)



(2) As shown in Fig. 5-3, monochromatic light [ 3] from a light source passes through a
slit and diffracts. The light further diffracts through two slits S; and S,, which are
separated by a distance of 2a. The light shows an interference fringe [F###] on a screen
placed at a distance L. The electric fields at position x on the screen from the slits S, and S,
are expressed as:

E; = Eyexp(ikr, — iwt + i¢,).

E; = Ey exp(ikr, — iwt + i¢p,).
Here, E, isthe amplitude, k isthe wave number, w is the angular frequency of light, and
¢, and ¢, are the initial phases [#J#{iL#8]. r; and r, are the distances from S; and
S; to x, respectively. Assuming that L is sufficiently large so that the following
approximations are available.

2_ 2
r1=,/L2+(a—x)2~L+%, r2=\/L2+(a+x)2~L+%.

The intensity I(x) of the interference fringe at position x is given by
I1(x) = |Ey + Eo|%.
Answer the following questions.

(a) Express r, —r; by using a,x,and L.

(b) When ¢, = ¢, = 0, express I(x) and the period of the interference fringe using
Ey, k,a,L and x.

(c) When ¢, = ¢; + &, determine how much the antinode position [l D] of the
interference fringe shifts compared to the one in the case of ¢, = ¢, = 0.

X
| Sl n
B T e e
. | I ——
;;ﬁlr];e B \\\\ IL: i /T:;;
L

Figure 5-3



Applied Physics

Problem 6 (120 points) Semiconductor Physics

Consider an ideal metal/oxide/p-type semiconductor (MOS) structure, as shown in Fig. 6-1,
in its steady state at room temperature with no fixed charge in the oxide and at the interfaces.
Acceptor impurities (concentration:N,) are uniformly distributed and are fully ionized. Let the
elementary charge, the permittivity (8% & ) of the semiconductor, the permittivity of the oxide,
the conduction band minimum, the valence band maximum, the Fermi level, the intrinsic Fermi
level, and the thickness of the oxide be q, &s, £ox, Ec, Ev, Er, Ei, Tox, respectively. The
work functions (f:ZE8%X) of the metal and the semiconductor are equal, and the voltage Vg
is applied to the metal with respect to the semiconductor. Vox and ¢s are the voltage drop
across the oxide and the surface potential (RE E{L) of the semiconductor, respectively.
Assuming that the complete depletion approximation (552 %5 Z if{£l) is applicable, answer the
following questions.

(1) Draw the band diagram of the MOS structure when V; = 0.Indicate Ec, Ey, Ep, and Ej
in the diagram.

(2) Draw the band diagrams of the MOS structure in accumulation (¥ #¥) regime, weak
inversion (83X #5) regime, and strong inversion (38 /<¥5) regime. Indicate Ec, Ey, Ef,
E;, and g¢p in the diagrams, where q¢p = E; — E;.. Also, show the relative position of Ej
and Ep at the oxide/p-type semiconductor interface.

(3) What is the type of charges generated in the semiconductor in the three regimes mentioned

in (2) ? The term “type of charges” refers to “hole”, “electron”, or “acceptor ion”. Also,
answer whether these charges are positive or negative.

(4) Let the depletion layer (222 &) width be W), and solve the Poisson’s equation (" 7 >/
F7#23() and express ¢s with q, Na, W, and &5 for the weak inversion regime. Note
that the electric field is zero at the depletion layer edge.

(5) Express the space charge (ZEf#J &) areal density Qg in the semiconductor in the weak
inversion regime with q, Nu, and W,

(6) Based on the relation that Vg = ¢s + Vpx, and on the results in (4) and (5), express Vg for
the weak inversion regime with q, Np, £ox, W), and Tox.

(Continued to the next page)



(7) In the strong inversion regime, an increase in Vg results in a nearly equal increase in Vpy.
Explain the reason.

(8) Explain the process of minority carrier generation, and describe how the minority carriers
are collected in the inversion layer.

Metal
Ve Oxide

p-Semiconductor

Figure 6-1 Metal/oxide/p-type semiconductor (MOS) structure.
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Applied Physics

Problem 1 (140 points) Mathematics Part (1)
Note: Problem 1 has two parts, (1) and (2). Answer all of them.

(1) Answer the following questions (a) and (b). Let x, y, a be real numbers [5%%], n be a
natural number [H%:%%], ™ be the circular constant [[])&=2], i be the imaginary unit, and e

be the base of the natural logarithm.

(a) Answer the following questions.
(1) Solve the following equation.
sin"'x = tan"' V8

(ii) Find the value of A in the following equation, where A is the complex

conjugate of 4.

sin(g—i) =Ade+Ade?

(111) Find the area of following region of D.
D = {(x,y)|x? — 2xy + 5y? < a?} (a>0)

(b) Evaluate the following integrals.

(i) f x"e *dx
0

i [ P b= ()P +y? < 1)
D

JT—x2 —y%

(continued to part (2) on the next page)



Applied Physics

Problem 1 (140 points) Mathematics Part (2)
Note: Problem I has two parts, (1) and (2). Answer all of them.

(2) Consider the differential equation

2

d

Wr(t) = Ar(t),

a c 0 x(t)

where A=(c b c|,r(t)=|y(t) |.Here a,b,and c are real number constants, t isa
0 ¢ a z(t)

real number variable, and x(t),y(t),and z(t) are real functions. Answer the following

questions.

Given that a = —1,b = —2,and ¢ = 1, answer the following questions (a) - (d).
(a) Find eigenvalues, 1, 1,, and A3 of A, where 4; < 4, < A43.
(b) Find the normalized eigenvectors, u;, u,, and uz of A4,
where Au; = Lu; (j = 1,2,3).
(c) Find a diagonal matrix D , an orthogonal matrix P, and P~', where A is

diagonalized as P"'AP=D.

(d) Given that R(t) = P™'r(t). Prove "= R(t) = DR(®).



LApplied Physics‘

Problem 2 (120 points) Mechanics

Consider the moment of inertia ({14 — £ ~ ) around the central axis of solid cylinder A and hollow
(F22D) cylinder B shown in Fig. 2-1. The radius of solid cylinder A is R and its length is L. The
density of solid cylinder A is uniform, p4. The outer and inner radii of hollow cylinder B are R and r,
respectively, and its length is L. The masses of solid cylinder A and hollow cylinder B are both M.

Answer the following questions, assuming that air resistance can be neglected.

(1) As preparation for calculating the moment of inertia of solid cylinder A, consider a cylindrical shell
(7%) of density py, radius x, length L and thickness 8x as shown in Fig. 2-2, where 8x is infinitely

small (f#F/]\). Express the mass of this cylindrical shell ém using L, p,, x, and &x.

(2) Express the moment of inertia around the central axis of solid cylinder A, I, using M and R. Show

the process of calculation.

(3) Express the moment of inertia of hollow cylinder B around the central axis, Ig, using M, R and r.

The density of hollow cylinder B is uniform.

i 6x

Solid cylinder A Hollow cylinder B

Fig. 2-1 Fig. 2-2

As shown in Fig. 2-3, solid cylinder A and hollow cylinder B are at the same height from the floor, and
are stationary on a slope with an angle 6 from the horizontal floor. The central axes of solid cylinder A
and hollow cylinder B are set to be perpendicular to the direction parallel to the slope. Suppose that at
time ¢ = 0, solid cylinder A and hollow cylinder B start to move in the direction parallel to the slope with

an initial velocity of zero. Answer the following questions.

(continued to the next page)



(4) Consider the case that there is no friction on the slope, and solid cylinder A and hollow cylinder B
slide without rolling. The time when they reach the floor is t, and tg, respectively. Show the relation

between t, and tg, by using the equal sign (=) or inequality sign (<, >).

(5) Consider the case that there is friction on the slope, and solid cylinder A and hollow cylinder B roll
down the slope without sliding. Show the equation of motion for solid cylinder A, and express the
magnitude of the acceleration a () of the center of gravity (E.[») of cylinder A, using g, 0,

In, M, and R. g is the acceleration of gravity.

Next, as shown in Fig. 2-4, consider solid sphere C (with radias R and mass M), composed of uniform
density, in addition to solid cylinder A and hollow cylinder B on the slope with friction. All other

conditions are the same as in (5).

(6) The time when solid cylinder A, hollow cylinder B, and solid sphere C reach the floor is t'4, t'g,

and t'c, respectively. Show the relationship between t', t'g, and t'c by using the equal sign (=) or

inequality sign (<, >). Here the the moment of inertia of solid sphere C is give by Iz = EM R?.

Fig. 2-3 Fig. 2-4



Applied Physics

Problem 3 (120 points) Electromagnetism

Answer the following questions.
(1) Consider a capacitor made of two coaxial cylindrical electrodes of radii a and b (a < b),
as shown in Fig. 3-1. Both cylindrical electrodes have the same length L, and L is assumed to
be sufficiently larger than a and b. Therefore, edge effects can be neglected. In addition, each
electrode is assumed to be sufficiently thin. Assume that the region between the two cylindrical
electrodes is filled with a dielectric material with permittivity & (7% 3%). Then the inner
electrode is given a charge of A (> 0) per unit length, and the outer electrode is given a charge
of —A per unit length. Let the magnitude of the electric flux density, that of the electric field,
and the electrostatic potential at a point located at a distance r (a < r < b) from the central
axis be denoted by D(r), E(r), and V(r), respectively. In the dielectric material, the relation
D(r) = €E(r) holds.
(a) Consider a coaxial cylindrical surface that passes through a point at a distance r from the
central axis of the capacitor. Gauss’s law for the cylindrical surface is given by D(r)S =
LA. Express S interms of L and 7.
(b) Express D(r) and E(r) interms of necessary ones among A,7, and e.

(c) Express V(r) interms of A,b,r,and . Assume that V(b) = 0.

(d) Express the capacitance of this capacitor in terms of L, a, b, and «.

(2) Suppose that a steady current of magnitude I is flowing in a circular loop of radius a with
its center at the origin O in vacuum, as shown in Fig. 3-2. Consider the magnetic flux density at
position r on the line [ passing through the center O and perpendicular to the plane of the
circular loop. Denote the distance between the position r and O by r = |r|. Let u, be the
magnetic permeability in vacuum.
(a) According to the Biot-Savart law, the magnetic flux density at position 7 produced by a
current element [t(r')As flowing on the small segment of length As at position 7',

Ko It(@)x(r—1") As

an '] Here t(r") is the unit vector

shown in Fig. 3-2, is given by AB(1r) =

pointing in the direction of the current in the current element. Express the magnitude
AB(r) = |AB(r)| interms of uy,I,a,r, and 4s.

(continued to the next page)



(b) Express the component of AB(r) in (a) that is parallel to the line [ in terms of
Uo, I, a,7,and As.

(c) Express the magnitude of the magnetic flux density at position r produced by the entire

current flowing in the circular loop in terms of uy,I,a, and r.

b<_a= S
:

L
.
— O —
7777777 Q,,a’a:'\'r")\




Applied Physics

Problem 4 (120 points) Quantum Mechanics

Consider a particle of mass m confined in a one-dimensional quantum well with infinite barrier
height. The potential V' (x) is given as follows.

V(x) = {

0 (0<x<a)
o (x<0,a<x)

When the time-independent Schrédinger equation is solved under this condition, the normalized
eigenfunctions [1E# b S AU72 [ 4 BI%%] ¢,,(x) can be expressed as follows with the quantum
number n.

0 (x) = \/é sin (%Tx) (0<x<a)
0 (x<0,a<x)

Let A denote the reduced Planck constant (Dirac constant). Answer the following questions.

(1) Find the energy eigenvalue &, of ¢, (x).

(2) The momentum operator [JEH) & % 1] is given by p = —ihaa—x . For ¢,,(x) , calculate the
expectation values [H#&] p and p2.

Next, consider a time-dependent wave function ¥(x, t). Here, the initial state (t = 0) of Y¥(x, t)
is defined by a linear combination of ¢, (x) and ¢, (x) as shown below, where A is a constant.

P(x,0) = A{p: (%) + @2 (x)}

(3) Determine the constant A by normalizing the wave function ¥ (x, 0), where A > 0.

(4) Express the wave function Y (x, t) in terms of a, &;, and &,.
(5) Let S(x, t) denote the probability current [f&3Diiii41]. Calculate S (g, t), using the fact that

S(x,t) = =Re [ (x, 1) (—in 2222 )]

(Continued to the next page)



(6) Find the probability that the particle with the wave function (x, t) exists in the range of
—00 < x < % Then find its time derivative [ [H] #8(47]. Compare the calculated time

derivative with the S (% , t) obtained in (5), and explain their relationship physically.
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Problem 5 (120 points) Optics

Answer the question about geometrical optics [#&{1]Jf:%7:] and wave optics [ E) 5]

(1) Answer whether each of the following terms belongs to geometrical or wave optics. List all terms on the

answer sheet, and select (write) “geometrical optics (or GO)” or “wave optics (or WO)” for each term. For
terms relates to both geometrical and wave optics, answer “BOTH.”
Terms: “ray [Ytf#],” “diffraction [[B#7],” “interference [T-1],” “image formation [#&{%]”, “polarization [{f#
Y1, “wavefront [ ],” “equi-phase plane [ZF{ZAH[H],” “Seidel’s five types of aberration [ /L D5
7%],” “aberration represented by Zernike polynomial [Zernike £ THIIZXDUINFED FHL],” “Fermat’s
principle [7 = /L~ — @7 L]

(2) Explain what refractive index is using some or all of the following terms; wavelength, speed of light, and
vacuum. You may use equation(s) if necessary.

(3) We consider light incident from a material with refractive index n; to a material with refractive index of n as
shown in Figs. 5-1 and 5-2. Here the interface between the two materials is flat. Both Figs. 5-1 and 5-2
illustrate the concept of “refraction,” one based on geometrical optics and the other based on wave optics. (i)
Answer whether each illustration is based on geometrical or wave optics. (ii) State what A in Fig. 5-1 and B in
Fig. 5-2 represent.

(4) Using the term “refractive index,” explain what “optical path length” is.

(5) Refer to Fig. 5-2 and express the relationship between the angle of incidence #; and the angle of refraction 6,
using the refractive indices n; and n.

ERINT3

(6) To verify the relationship in (5), select one of the following methods: “Fermat's principle,” “wavefront
continuity,” or “Huygens' secondary waves [75- "~ AD 27k ].” Outline how you would prove it. You may
use figures or illustrations if necessary.

(7) Prove Snell’s law using the method selected in (6).

o)
Incident P
angle .- / 9
B 1
) N i
P 0
- 0

Fig. 5-2
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Problem 6 (120 points) Semiconductor Physics

Consider a pn homojunction between an n-type semiconductor with impurity concentration Np

and a p-type semiconductor with impurity concentration Ny, as shown in Fig. 6-1. Assume that

the impurities are uniformly doped in both the p-type and n-
type semiconductors and are fully ionized. The depletion layer
widths in the n-type region and p-type region are denoted by
W, and W, respectively. Let q be the elementary charge,

N

A
p-type semiconductor

T T T T RS

V4 the diffusion potential (JETFE(L), e the permittivity (7575w

temperature. Answer the following questions. zY °

), kg the Boltzmann constant, and T the absolute n-type semiconductor
N

Fig. 6-1 pn junction

What elements (JG3%) should be added as dopants to crystalline silicon (c-Si) ? List two
elements necessary to form p-type and n-type c-Si, respectively, and explain the reasons for
their selection.

Draw the energy band diagram of the pn junction in thermal equilibrium. Clearly indicate
the Fermi level Efg, conduction band minimum E, valence band maximum Ey, W, W,
and Vjy.

Describe the Poisson’s equation for the depletion region within the p-type semiconductor.

. Describe the potential ¢(z) in the depletion regions within both p-type and n-type
semiconductors and draw the potential ¢(z) as a function of depth z throughout the
whole pn junction region under the assumption of ¢(—%) =0.

Express V4 using W,, W,, Np,and N,.

Express W, and W, using Vg, Np, and Np.

The depletion region can be regarded as a dielectric layer with dielectric constant & and
total thickness W (=W, + W},), which acts like a parallel-plate capacitor. Express the
capacitance per unit area C of this depletion region using Vg, Np, and N,.

When an external voltage V is applied across the pn junction, draw the graph on the
relationship between 1/C? and V. Note that a positive sign of voltage indicates that a
forward bias is applied across the pn junction. Also, explain the physical meaning of the
intercept of this graph when extrapolated to 1/C? = 0.
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